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I.AE

o] A= ZAl(logit)d} 28] (probit)a} 72 H] A X3 (nonlinear models)of
A Ar%2-8-d Iinteraction effect) S, £5| $HA| & (marginal effect)Z=A] H&s})
A =2stm Sk whel War Zloldh ofd AU £% e xEacl
(moderator) 9] JIto] QJ&3Ic} o] olojrjol= EE I HFA Ars AL}
(interaction term)2 £3f LAECE o i3t WS- aypyt Aol wel W3}
sl i ol Amwe] B} ke AR A9lol wet el
ABi(ahst Hope] L AT AES ABALANE Alvlwolop AU TS 2
2 % gleh ot w)4Y mye] B 4UR ols) ATt HEAGAE 5
A o), A eRE AXEY] Ha, 22 Q&) ALFor BAsEE 14 A
AR o] Atk mEbA viAdg RYold Aegans et S olsst
L AL s HHEH AUAS 93t Zo] oheh A8 BAke] wiet oleAs
g 7ol A olalello] Bexlolc,

Ai & Norton(2003)2] A7} H#E 2] 20 0] At2o)e, v|AE 3]AHRT
A g o] A oHis) A4 Asatgael ST A0R £ osH
Sk el o] % AWE StHon Ha e, s 23 sFRges A
8- g 1= wWx}Hu|E (cross-partial derivative) 0.2 A&, o]= AT A2-38}9]
Ash Qa0 R 2 ok At HEA Y] A% Baot A4 AEAgi
o] Bt A 4= Aok FAH o BHE v R Bsic) At
83| A7l SARCR felstelehE, AR AHEEEEIE T2 observations)
wheh hE 4 Qlek AR} AHEAgate] At 0oleleh AEAEEIHE 00] of
d =tk T2ER ulAE IHEAA e ZEOe] RolFe 4ozt
80 EAH goie] §R(e] AsUnlshs AL grach

o] Qo) BAe 1o aeidl wdE mEel 2l muy HARFS FAHo
= B BYoA Adaganrt o A% M Er] 44l st ol B
2 AL 7IE 2ulE2A] S5k el Wa) AYsh=s Aol &4 A3
BoA 28T ST 2HE AEAERNE ulstAlnl BidE K

oj

te

oft



2R E

rlr
1z

w2yl S w Yol N AsxeaTle] Grol 38 a4 143

1 d

S AR AR 2 B0k W AFstel, ATAREe] PF AT o B5

ORE 2Y 4 Y Fick okt Ay Bae) 4EAgang el &
A

II. o]24 HE

o el A BULY T A9TNN ABAGRTN: 4Bt 0R 2AR
Zeigre] AN RS olughe AmEeh 43 BRoAL AEaEo] E AE
Agaviel AAFAL, HAE YA o] TS AHOoR B T A

o] 1 solck

1. M 20N d=2Esa

ol#fje} Z-& A mFPoA T X, X, 123 I FHproduct)¢l X X,

=

=

USRS W, XX, 9 BAR b, 5 TGPl A o] T F
& =]

E(Y|X, X,) = by + b, X, +0,X, + b, X, X, (1)

TR AEAGAI 71 (1) X, 9 MEPE FEUS YO 2% 7|uge] W
3] v ol (2) X, 9] Aol et Felxlts A= oulsted, vh ofel3t

e ofelet e WAL OR EAYL 4 ek
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I’E(Y1X,X,) o [dE(YIX,X,)
0X,0X, 09X 0.X,

9] Aol o] WA RE(ZE o BE)S X,0 WEpL FHUS Yol &
A% 7]5igte] Walel] ulAe Qe ek, 1 opRie X1.4 wsl} oh) =

Lo
2
T,
)
=2
=)
rTr
oR
mlo
o
i
=
g
PH
Jz
3
s
Y
>
rsi'

I’E(YIX,X,) o [dE(YIX, X))\ 9
0X,0X, 90X 0.X, B

2. HIMY 20N MEXEE

gk, HIAE ARl FEWEee 2R Vg E(Y X X,) o] -t
AE SR AY S5h(identity function)2 HZAE|A] &1, HE0] H|AF A
ol LAEEI (. )2 ﬂﬁ?ﬂ—,—(hnk function) 2 ARE-3ITE 7H de] AMEE=

25 BYofx= A QAE 74 BALE R AE ARESHY, IHREES 3
AH<x(latent variable) ¥ 2 AAHch
E(YIX, X,) =AY =by+b X, +b,X, +b,XX,) (2)
1
o A(Y — .
I )= 1+exp(— Y)

oAl HEAEEIES FES] SSAL A Qold 2% Al X, 3 X,
of that SATTIES A4kSoF Fhet. ofu) A4 X (chain rule)T} TAITH0) mlE:
W 5 B8 theo 2uE itk
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= 3)

?A(Y) 9 (aA(Y*) aY*)

0X0X, X\ a9y 0X,
= a; (A(Y") (b, + by, X))
_ %}?@2 by, X))+ A (Y by,
_ a/;(;/) ‘3)); (by + b1y X, )+ A(Y )by,

=X (Y) (b, +b,X,) (b, +b,X,)+ A(Y )by,

ol 1L BAAE Huo] FBUEIT0|T, HOA} A0 wikolr} o] Q&
o] Ak, by, & ABALTFo|A ATAGEIIL 1 AR} kel ©A 1 Ao
AU ekgol FEajof Tk,

geog 24 nyrd d <y AT o o ey nEe gewt 2ol

EY|X, X,)=0(Y =by+ b X, +b,X, +b,XX,)

2

(V") = exp(— %)de

A7IoM 0= EE FARE GatEEdroln, 28l Ry vzl o]

220(Y") p) (a@(y) oY ) n

0X,0X, 0X |\ Joy" 09X,
_ ai; (¢(Y")(by + b1, X,))
_ %}?(% +0,,X,) + (Y )byy
3¢;<Y ) 9 X (b +0,X) + ¢ (Y )by,

= ¢/ (Y )by + b1,X, ) (b, + by Xy) + ¢ (Y )by,
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ol gz EEATLEY] FBUEGOITL, HoW 0] Egpolt). vl %
THF X, X, 7} o] bH<x(discrete variable)2hH, W AFHXNE(cross-partial differ-
ence) 02 ThRL Flo| & o QUsIT) o2 AXE EAWLE ofefer 2o
H, A7|AM = by, = W] GRS (AF7F ofdEh) 1 AR AUA] oF
+=THGreene 2010; Karaca-Mandic, Norton, & Dowd 2012).

A°A(Y) 4 |44 (by + 0, X, + 0, X, + 5, X, X,)
4X,4X, 4X, 4X,
4
= A—AXVI(A (bo +b1X1 +b2 +b12X1>_A(bO +b1X1))

thit Puhani (2012)+= H]AE o]E*}E(nonlinear difference-in-difference) 3| %]
HAZANA AR ol st HahA gl a1 average treatment effect on the treated)
Aito] floflA ALE WAHAARE Y= g Bk o] =] AAQ A=
ofYA|TE, HAHA JIFES Aok ARRISkAbE o] FAlol BejM = St
TFE 7= a7t ltiAthey & Imbens 2006). oo A = AAR= AAF

o) AES T & 9l
sk, AFS|E) Bolo| A AR} Eo] 53] AR8-E= SPSS, R, Stata, SAS S o]g
AR 2ZEHole 2Aoy 22l 5 Y LY &4 ZifelA (uakH

=
g
o
o
iw
£
r

] FQ 3K main terms)?] 2l X, X, 1 ApAof| gt Hu]R 7k
o] Ailste] Hargk fojch

b, e T

m\l

00(Y")
0(X, X,)

aN(Y")

m: A(Y*>b12 :LE];]—’_

=¢(Y")by,

A AEL 4 (3) EE 4] @A AR Ae g aTte) 2l Moln, B
4 HLESojo A RojF JTAEYNE W AEAEaT] fR} 2]
oA a5 gk (49 BYats ge) 04y mYes deagan
FTAEEY IAAS 51,9 FLES HAER] 947] wjzolth ojnf AAb=
HAE HoA ool - AuE dart Slch

rlo
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2 * * 2 * *
a/l(Y)?é oA (Y") 281 a(D(Y);Ié 00(Y")
0X,0X, ~ (X X,) 0X,0X, = o(X.X,)

3. HIMY 20N JEAEFe| FHRA

IH

@A) AESGE, 2AT T2y S vy Bee] mAHnel 4sAgE
= Al aREE0] by, oloflE ofg] R4 FTAE] Stk 718 23 myold)

A (3)0] HAFR, by, olollE, (a) FRFRA X T X, (b) 252 SlHARY
b3} by, 2215 () X ()7} HAsto] ABA TS BEolUE. o2 by, o
olo] FHRA7E Ytk APLS ThETH 2 8-S AR

AR, AR EHoM= AZ2-ERZNT} by, ol efiMnt AHHER & 22 HA
o] Az A FmIKglobal effect)q] WHH, H]AE mEPoA Q7o) 14|29l
& X Xl vl AsAeaa) et PR Astgaie 7
(local)o] w2} chE oz B4jo] A4 IR QoA 27 AL 1] Aol 7

2 Ajol7t duit 24 Aol & 4 gick

S, AE BRolH AEReTe A b7t HE R FoR 23
soicky Shjeke, AR oo AmAganph 9ok Wk & gtk 4] 3T @)
oA g watHu A AT 4 o FEUETS AV} 4(V)E
A o] b, T =gl X (V) ek ¢ (V)
e = qleum, A Akl 2] Ao
T $17] wFo|ti(Online Appendix %Far).

).<

rir
o
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.
o=
_lﬂl
oo
k)
N
N

o
Ir
)

BT A WAL iR BASS uE mE A0 WA AEA 712
sk oh) @), ALY moleby Mal AEASRS 23 9lA HEhE of

A T 5 glone, Favkmain effeeno] TALIE HHT 0 A oS
71&olok ek,

A, AEAER) FAAGRT A HEAAH, : B, = 01 BAZOZ Fo
S 712514 ElEekE, U] A ase] ofs) ofdls) ot 2
o Aejghe B 5= ek A ()] by, = 02 PsHE ofef] 4

]_

g, o] B2} gko] 0oghs EAL 53] fi7] uieelth

ﬂJlO rlu
a2 O‘r‘
o

>

o
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25 9 i s 2ud, (29 ol eR ol udrt 59 o
o

) ool YBAGFS BFol T/ Y AAA BAGEIL EAT
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=t
e

S ATA7E A Adksiol B Bask ek o3 AuAeR F4E AEae
aake] BAH el kel ¢ Aol 7 4% Sol ohiel, dek Wh(dela
method) T+= MCMC (Markov Chain Monte Carlo) Al&g|o|d 52 AX 4 &+
QJITHAiI & Norton 2003; Greene 2010).

I, AJ&d el
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=
=
ot
H
ol
2
o)
Fl r
¢
2)s
ol
N
2ad
(]
sy
op
o
%
s

N
31;
>
7
o
o
N >
i)
2
lo
u
il
&
T
32
iu)
|
i)
v
(s
=2
s
Jo o
H1
<t

= = - L5
= el vs) WY EetE e, vl 2A)9) Azbgol =4 gt

)
oo

(

A=)

SAGEIL Anht 37 Dok 5 YETtE ABdol =g

g ol Aol wE, AEAEYY TR HEAGAI} ko] wet
Apgs] S7AG Ah, AlAjo] Ade] Wt AN R ek E SR8 9
AAG7E BAROR FolotA] gk ANHBy, = 0)RAE (54 Aol ohjet)

AEAL AT} ThefsA) g 4 Qe
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1.2

02

o714 AHEEE AR OIAL A Q)9 e A BAL 7)EE Tk 94 F
Mo BweF X9 X, 3 47 [-2.2) TRld QAR o BEE Ax

(grid) HollA AeJstar, o]52] A=2YA I{Kronecker product) = —HJ% 22+
ST 4 covariate space)= AL (oFH oA FA|H 2 AEsR) Al 7HA
Alue]eof wE s|AAE SHE Xt ol 283t MEA A ads

R AFE} AL

iG] A A 3] oleigo] St Holsle ARElES AAR Ao
TAAQ Fhe ojuizim A 3)oll 2AA) ¢kar, 1 qke] A X (Y)E ook
AR Al ke Tl 4 ek T8 BRI RAI2E SR FAK Hessian
Aol Y Hd 9] AARSH(gradient descent) 5 25 2435}t 7| 52 E3) TF

ol 9 &¥A ik

, *_L - * *
A(Y)—aY*[l A(Y)HA(Y)

= a[l_AEY*ﬂA(Y*)Jr[l—/l(Y*)]M
:—A<;*§/A(Y*>+[1—A(Y*)]A<Y*)
= MY)[1—24(Y")]
o] uf,
Y= exp(—Y) 1 . _exp(= V)

[1+exp(— Y)I2 [I+exp(—Y)] [1+exp(—Y)
=A(Y) - [1—A(Y)]

JeinE 44 Aol el FAHCRE AgEE AEAgaTtEA Y BAH
M ghe A (3)3 A D ofefet ol Felsiok Fick

°A(Y")
0X,0X,
=AY [[1—2/1(Y*)](b1 +b1,X,) (b, +b12X1)+b12]

(Y1 —24(Y )by + b5 X, ) (by + b1, X))+ A(Y )by,
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AlET ol A WA AvdE|les b, =1, b, =1, bjye {—0.5,—1,—2} o]tk
Ohe 8ae IAQHAL b2 — 0.5, —1, —22 Z47) HoAZlS o, 228
A7F ogA GEA =T WEShs Ao HAoltk & WA AlUges b =
1.5, b, = 0.5, by, {2,1,0.5} o]t} by, 9] AS WS HRA L, b, 7} b, S Z2F05
A SYAY S A HA Ay o] Blsl, 5,9 &= S50l b Y by
Cha B Aoz A8 o, 11 75‘47} ofGA HefA=rHE Rt Al WA

i

Aug]es be{—1,0,1), b, =1, by, =0°]th oJ7|A= HEAETE ofd
Zygo FAsHA FA sAHeR v«lﬁ}?ﬂ = Wy, =0), JE2-Eay
A

Al A 014 o F-5 Blshy] ot Be AlueloA ALt dojif A=
2 00 AT Al A ARl BE TR AS EESH AL oh A,

2 A9t QAR ol e §38 4 otk 71 b = b, =19] 29, 3 WA A
e AiE FR A Hdo] o] uigol FEjo] thA] gsiA] Tk

S BAE EgollAe FEE SFASTE AR S|HARl 2AY HE(scale
factor)oll 23 EEI}E o] FoJAER, A= Blart Iedsithe Aol oln] Ee
et A QJthBreen, Karlson, & Holm 2018; Mood 2010). = R E &7}
T2 2 W o}, Alx|o] e FEWMLE 935 Y32E 2§ (nested model) ¢F
ANzl BlAdE 2P s|AAT= ditde® E7kssh, o]Zlo] ZhssiAle
BlaslalA} sh= P S0 AR AU HET) 555t equivalent)= 7Hg 0] 8-
ok o] AlEHo]de] F8 FA2 Al vt opd ATAGAYE vuste 4
ola, AlEdolde] B4 dHer 19k 2 dulEE 245t dAAA
% glong o] BAleks Yk

ZF7Fo] Ay o= thea}t o w5 x| % (heatmap) ¥ 3D ¥HE(3D surface
plot) 2 AlA8lRtt). =] sj4at A[Z18kE 9fsf Pythonga ARESFRIT: R 1=
?} I == A9 GitHub (https://github.com/hxk271/nl_inteff)of| A &-elsk 4= Ut

—

<® 1> A|E2|0|M ALIZ|2E mi2{ojE HF

bl b2 b12
19 AUk 1 1 {2, -1, 0.5}
28 AU 1.5 0.5 2, 1, 0.5}

3H Auele (-1, 0, 1} 1 0
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2. =AZut

<9 >3} <9 2>+ 27 3 RAe = g Alue e 2aE A7 Ao
ot 29 A A Y(column) GA=E, F WA 42 3D FHEE YR
BoMo| Ao E(AL4E) K] Wkor Aazgant 9°A(Y)/0X,0X,
7b 2A e, FEM0] R AT ARE AL (-9 WEFe R 2A yE
gtk A HA PYrow) by, =— 2, F HA G2 by, =—1, Al HA P by, =
—0.5¢Q1 A9 ATALAaNE 217 AUt HE O-olN oS53 y 52 7t
7F 3 X, 9} X, S YeRich 9220 3D HHEo| dlete] AAsargante] 3
715 HEY 2508 HHSAL Qirt o] AlEgolH] T AR = X T X,

7}t s B AFE ARt oW, A AT ARl FHEe] S Y
Q} BAL-g-EAL s§Z(variance-covariance matrix) 5 T u|go wet I Ayt &
2 % et

<I# 1>olA A WA e A28 slAA7E s S, =—2)Y
ol B AsAgamst oosh] dein 9ee el 53
X, Xe [—2,2] AA W99 Fuzk Sl 50% Hro] A8 anh= oK+

N
K9] ATV e b T Sold Folot 4G HAY - a5k 2
Puz Asago] iAo Acka SN, EEelA vk 4 9

avte] A e 5 ik ofe] WSS thastel Amuy o 4

g3ke] Arhgtol 2 v ABAGRTe) 2717} | ERE Pkl QAT
BRI O e @@w—oh} AU o] S HolFh

B, 4EAgere] sl Be ot Basith
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Heatmap (b2 = —2), 0.5% 4, 0.5% _

3D Surface Plot (b1p = — 2)
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Heatmap (b1 = — 1), 0.33% 4, 0.67% _

3D Surface Plot (bia = — 1)
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5 Heatmap (b2 = — 0.5), 0.29% ., 0.71% _ 3D Surface Plot (b2 = — 0.5)
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Heatmap (b12 = 2),0.49% +, 0.51% _

3D Surface Plot (b2 = 2)
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X1
5 Heatmap (b2 = 1), 0.62% +, 0.38% _ 3D Surface Plot (b = 1)
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o2& 90 3D FWUEL b, =29 u Fol3}t TS Holglony, A
A etoA] ()9 A&
22 FI7} e E7to] Wolde Koz glrk *J‘Z}%— o] Al ek 2
()Y AEAGENE A= F7to] HAp AXANE, 223 Hehe Aaakeatol
As7t 2 A W 1 ofyzt 0ol 7AAlE Wk uf uehdh
oleb GARHA|, <I¥ 2>olME R WA Fe ATALEe| HAART g5
(byy = 2)Qoll = Estan, THF X, 7 X, o) 23tol| el of 50% 7o) TS
BN (- AEALEITL e B01g 4= Qitk 922 9o 3D BH
T <a9 1>9] 3D FHEE FHHL A fARI
<9 >3} <39 2>o)4 FEHoR Yehts B4 7hed shts A5agE
7 HHONA ()R E= S(-)olA HHOR Fubp= S0k F7He HAR
Az} mofo| LJeRFE= Aotk dlorM L7 AFE 2R83)o| (o] ofdow EEkal
ATAGEI} 0 T 0| v 7PEA ZHEHE RIS ol SoE ®
SollA okoz Fufe] o] uip= HEolh). 4] (5)9 AR A whet v
of Amrw 1 o|lfZ thek M 4 gtk FHBEEFS] Aot 1= A(Y)
= 00|82 1= [1-24(Y)] =—1 o]7] o], 3AAS e} Fwzre] 23t
ufe} A4} moFo] Uehbs L7t A] (b +0,,X,) (b, + by, X;) FEo] 0o 245}
o &}9A| vhepdTh
ghd <2y >3} <29 2>04 F A Bl B
Autdjeks A olQlollw, Fadke] HAS w3k ge] AAEo] ek aFoE &
Fotal, AWl dAA|me} 3D BHEE A fASIh FEE wh Zol=
[—2,2] @Y <l B4 Wgrogo| A5 AgaIr} AA|sH= F3to]
g = Aoltk Hrt LHoR, <aY >4 FAAS -2, -1, -0.5YU ©) K+
o] AT AGEI} IR ZH2F 50%, 33%, 29%C) ANk <7 2>0fl4 F| A 2, 1,
0.5 ] ()9 AsRgaat P 42k 51%, 38%, 36%E LERdTh

rr
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Heatmap (b = — 1), 0.49% -, 0.49% _ 3D Surface Plot (b = — 1)
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Heatmap (b, =0), 0.0% ., 0.0% _
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Heatmap (b; = 1), 0.49% ., 0.5% _
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AG7HA] A7A27E 71 Aol Al 247 S0 meh Slvjsdt 43
2% BHAoE Etelal, 54 W¥e R AvAgat ¥ &2 ©
g 4 e IS B GO R <Y 3-2 AT BHAGTE 091 7
0.2 Azkslstal ik vjAE oA AT RREERS ofd] WA] ALY, S-2]A4
AN ARG 7125 B3kT By, = 09 Aol ofo] tggitk. o] Aoz
A ous] ALEALg A ow am 2K 4 e efR Y Bl

il
2
=il
rE
)
2
o o
ol B

5 nixulﬂg ﬂ;]zﬂ_/[:ﬂ» 09 w, Als I—_Q_;g_l}u}xﬂ ]
a2 AR E ELE AT BA0| Sl 4= itk A RRERe] A4 o}
ek 8% F Sit ole] SIASE 00 ASCE WA B9 4, — 0 Akl2)
7 olof aigath Al (5)& thAl g AR, ¥ (V)= A(Y)[1-24(Y)] ¢
AFglol, o] AlEl oA $2e) BE o) 00] Hug, o} B3 ATEn
B} X, X,E[—2,2] 9 BE 7700 AH 00]ck

Avkaloz Algdold Aife Ao ait (223 2718 Fd) A9
Z(global)2. 2 SfAE 4 a1, FHF X3 X, of weh A9 H(local) .2 A 5]
ofof gr= AARITE AZAEge] JAAS Faot Al deAdane] Foe
Boxslk= JL7ko] A W, AlSs vt g 2 ASE aulo] HES oF 4=

o] %
Qg Az o BHelst 4 9lrt.

5
i

V. gi¢t

gl AT Qojal e thgste] Fojxl FHer Btol wet AE
AgAI} ofPA BED 5 YETHE HolEtk Teu o] WO AsjshEs)
Ap3le] AT LhERd 4= Qs ATAERTIE ShUsht ARG 2e anky
AgHolx) itk BALY ATEYololH F7 o]§ Hsd Mt @A
o] Lasit o] golMt uAE mFolN ATALEIES 3Usl7] 5] AT

= Uil
A7k ofE AEA NS W 4 AdbAo] B wofatch 2429 Yhore o2

=

=

il
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S5 ArstHA, E3F AA| £4 Al ofBA IAEe] B8 o Al A
A2l A& A H8ll 7o ARE AT

A= AYA] G2 (data-generating process)« TR} Zth E F7]&= 1,0000.2
stk TWY X, o Bio| 0, AR 19 HFLES nj2 i adwolh 3

S, TR e AET AP B s AP o] H gE0] B2 AoR
A5 o= Stk FAl AAH ARA Fa7t 22 9ol v|R= dFel F
Ab Famo] et Y Aer &3t X oF X, AeAEE FYsH
Fk

ofstol = A thZ2] vl 7R WAl AETE AA, vAdE 2E tAl A
YAERGOR HEAGRNS S Wilo] Utk BA|, o5 HB(predicted
probabilities) & A|ZY8He 2 olch. AA, TF 3 FMiske] wato] wel Depxe
BogHA a1 average marginal effect)S A|Z13}e 4= itk YA, Hd AFSARE S
THaverage interaction effect; AIE)Q] FATI TE QA5 %] AAS= HHHo|
Qitk mfx|eto & SHA| @ AH|(marginal odds ratio)S 83 4o T = HE
Stk Z17ke R 4T 4 o] LonE o] & ofsjstn ATAje] B
of weh 48] Bget Wol wigalch, FAHR Aol Tk AHels T=
L o] lonR ATAL 2% Bo] o] Sgslel AR 4 Atk @

~
A AlEE ool A5t ASee] doAgads AEsIAL, oF o

BiS
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QL QAduigeol ojshHls: z_rsu ABALFINE FHoR A5}
oA B thRojxA] Eat 4
A Ol WS A GitHubol] LS| Al A 2 % 9tk

1. M

—

o
Jton

=1

02!

1) 443 -

A AR e TRl giohk> ASRE HAE EYe T
(linear probability model; LPM)S E3f| ASA-4a1S FA5l= Zlo|th. A3
sude olng F4uso] dajy BaE 03 19 %S A7 P
P(Y=1X)0 Aoz QA3 5, (2A 2g Al Ag
A H{ordinary least square)o] wat Ho|slA| S|HATE

o] MRS STA QoA BAje] e shao] 7k
olt}. o] AFtollA A7kl Y= AIE ECIAREY, A%
ofla®, Aoj AJ5AgaNo] siA FAl= FAYSHA] =ttt} (polynomial
terms) A7l E54eh Hgolebd AF EEC‘:U ofgfgt ItHAo] AFA A Qe
sy of® $a%t o] "ok FAE oI5 gEo] mile- AU FA4] ¢k
W 2Rz 28 2y AN fARE 295 Aledthe 1, 22a 7H %HHE d
g TRl SHAdY ol
N
o] WA o g ol =% Zlpredicted values)2 of|= g-go] oflBm = [0,1] vpZ29] gt
A& = U= H, oA (heteroskedasticity) A= Q18] ©f oA 2 =H
= (best linear unbiased estimates) = HAT = Qltk= & FolAl= Ha3t
A7} 1t Long 1997; 35-40).
ARAEERS A b A8 FAHCE GOt ok
QL WAAZS =LA oHs] 7S 2t ylop 2z J—L'ou
slo} AREERe] Anrl Azt cherhy, wh A mee 7)o 4
sAg e A7]eh WelE WA A= 4 ek

i

FE

%K heteroskedasticity-consistent) 3

ok -1)« mlo

2) AA 2§

SHA AAret di2 A Vo] AlRl duAEde e 24 By A%
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AERAS AP %, 27k S AAG9} A5E 2T ATk <E 259 2tk
7He] Sl AolAL, by e AT SHAE

A 3BT HEsE R o] AL 7Ht Pseudo R
ot R*2 Huetglth F mye] weh 12 o&E gE P(Y=1/X)o] 055t 2
3 AR ARAAE 10]AL, P(Y=11X)7} 0.55 T} 23 AA| =A% 02l 7
© AolslA E23l Aoz Hrisks HRAE Htw 42 AAISFATHY% cor-
rectly classified).

FE3 uek Bre 23 nyeld Auaggel FANOR fofskA srovt
(p <0.286), AFTEEF M= 95% Aol SAXE Fofsith= 3ol
TH(p < 0.011). LYHQl EEOAE AFgF o] 1ghe ARISEItE o] ghe of A3
EAHOR o5l

AP A} % ol B WS S AL ofF o S gk et AgeER
FoA Feldt AvE 1 AURAY, 23 oA
Relsb o) miel] eI g Aoletn AEe) Elsh|uc), (Ho
= AR W) AeAganE £ o AASH dulEs Zart S Aotk

Logit estimates LPM estimates
Coefficients

Est. SE Est. SE
b, -0.761"" (0.096) -0.168™" (0.016)
by 1.113™ (0.151) 0.235™ (0.028)
by 0.170 (0.160) 0.066" (0.026)
b, 0.072 (0.087) 0.516™ (0.019)
Pseudo R’ 0.117
R* 0.148
% correctly classified 67.6% 67.5%
Number of observations 1,000

Note: Heteroskedasticity-consistent standard errors for LPM estimates in parentheses.

*p <0.05, *¥**p <0.001.
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T Ttexp[— (bt b X, + 0y X, b X, X,)]

i

i Fofdl Ao thgthe X X, & st o5 e AR H
X, 9] Wisjo] me} WeHel P(Y=11X)7} Wslels Bag X, 770 7
21315t Greene 2010). ol A X, 9 B2l P(V=1]X)9] A4
e e, X,ol whek 1 Aol AN ebd 27)sk(diverging) 9
ceyjof stk Holoh e X, 7} 7pHSEbd T e A a1E 4= 9)
o) drhtt AR ThE 7R Wolrlesle o) AEden
c}.
ot oS e Aldeke uf ZF Aol AA HEEA] Al=Rks A 1ok
ok AFFE Aibslhr] ZitkEal 2 ZE vha A AESHA HolA & A
W Astgasie] $A4 g4 BEg o Baxols] upRold. shte) Al
A (ATAT A4 SOl Q) AFAMAe] ol o]F A4 oF
(Type 1 erron)®] 57|12 Hhegatm, AFafol ufet 99%, 95%, 90% 59| 71%S A
i 4 Sick W % ol SR T4 Aolol A1ZElo] BAA e, ol
Aol= 11 7ilocal)oll Al X, o] P(V=1[X)o] tjg a7} X,of ute} Abolshe
ofujgth(® ABAE AT EAIGTh. T £ oS BF 4l0) Agygie] AR
AAUANE, S oA AZAERITE FAXCR FolokA] rhal dEe o

ol Q= E](Schenker & Gentleman 2001). = AlZ|327to] AA Itk A2}
7b A S ARWald test) 5-& Fslo] g Liolx] AsAg AT} 574

N
b

[

A

lo om
b EE x>

T~

A

el

S 3 B




24 ®E 22y slfugel AuAgate] Gt 3& H4 16l

o2 2oz AaF ol HQ 7t gich

2) AA 28

<9 4= oA AR 7k AlRelA 2AF oS SEs AL ol
X, 9] wisto] upe} A Zslete, AaA-gans 5] s X, ol wet 7 A
o o2 AR YERRL ok ohA ATk, B4 Bl oA F

L

AFo g FOstA] pAgtou), tifiel it AA F o5 gE FAL 34
2 oA o Ao= yepdti(o] FolA 235|8 AFSTERFolAe] FAH
T8 o dAsk s AlwEteh.

Predicted probabilities

(95}
\S}
—_—
(=]
—_
NS}
9%}

<ad 4> X0 ME olE =& 95% Az7et

=
21-8-a 7H(local interaction effects)S & Eﬁ }ﬂ] AmE Q7 Qobd, H7hd
2 9= P48 S99 B 4 A
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<3 3> X, 9 [—3,3] 7oA 0.59] 7HA(interval) 0 2 A5 A7 v Al
HA Qoh AAlR <T® A" 33 259 F oAM= deAdant 4
Hoz golaln] gheg shelg 4 Atk chik 2 AWML B AZHorn £
Al t7to] ZXJEM O]O‘/h g4= 7:.”401] =T 95% AlFaEollA SAM R
ol X Vs Siek. 9 e = 4
S 4 obte BAH $918 BAL A srdolnz el o
7} 2 25}t Online Appendix ZFal).

<® 3> X0 M2 4S=ES0

X, =1 versus X, =0

X Est. SE x°
-3 0.037 0.031 1.41
2.5 0.057 0.036 2.52
2 0.083 0.039 4.63"
-1.5 0.117 0.039 8.89"
-1 0.158 0.037 18.05™
-0.5 0.203 0.033 37.18™
0 0.248 0.031 63.62""
0.5 0.285 0.035 67.09™"
1 0.310 0.045 47.99™
1.5 0.319 0.058 30.65"
2 0.311 0.070 19.49™
2.5 0.289 0.081 12,67
3 0.258 0.089 8.50""
Joint test 72.56""

Note: SE stands for delta-method standard errors.
* p<0.05, *¥* p<<0.01, *** p<0.001.
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SR Ao XA 9al, R o] AuEHe A4S} 7|H
o= vl QITHAI & Norton 2003; Norton, Wang, & Ai 2004). 0]-‘,5:
o] Aigho wizH, Ak 23/l SRy 5 viE 2¥= Sl IAHAS
st ERY AUE A8 BEE sH0E §7, FUT TR 3
2 ol AP (scatterplot & T 7 AIAJEE 4 9l o THEES of
Fet 7ol A Aolgt AEALEIE AT 5 Qs T19kE Folrk et
S E NEAGEIL o) EA| DepA TR, Hoke)
54 SR Xp)9| Hslol wet v £ 3T BadtA et ofgA |
SHE7lE AZslele wol WM ABAI 2 (o2 Bgo] oz X, & o5

o, BaaAa Y (92A(Y)/0X,) 5 yZol & AFA(fitted curve)Tt 1 AlF

& thagt SO0 Bk gle) 7h <zel S 2% WA A A
5 ek 7t A% ol Fol2 wedsln k. EH <1 5>

7} <3 3504 AXE 4

TplEeks B Aziste] whale] ThE Holch

g o] o] A2 AduAg Al At d=dd wxHvE JdEE b

I’E(YIX,X,) o [dE(YIX,X,)
0X,0X, 90X 0.X,
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2) AA &

A AR 7He o] AREFE X, 9 BaA AT} X of wE ofBA DEtA]
L7 AlZskeE Avks <ag 5> gk o] Id2E S X, o HtdhA Ay}
Y (9°A(Y))/0X,) = AutH oz X 0] AXGE Z715HS 83t 4= girk. 3t
X, <—29] el X, o BHReALT 95% AlFpte] 02 Zalsln glon

2, 0 7R ASAEETE BAHOR SolRlA 9o g Shelat 4 ok wat
X, > 1 FREE 4SAEEIL 42 sk, o] B9 X7} X,of B
%7}5l=(monotonically increasing) A SA-8-ai= ofdS &2lgk 4= it
54
44
2
kS
g 3
&
E
2
5 2
%
.
0_
3 2 | 0 I 2 3
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ARStth= oA B3| & average marginal effects)®] 2|2} Zth

o] WA 7MY Fa% S wAHNE gk WA ALtste] wAE 2
oA AZAERNE U ZAIE AHA st Aotk Him I diwo
7l A1 & Norton 2003;
Karaca-Mandic, Norton, & Dowd 2012; Norton, Wang, & Ai 2004; Radean 2023).
o] WA} Hsto] Fofsfjof & T = ‘er/}- A o] AT AlEd ol
Eo) AESIAR, AR ATAERTHE o]t FAH0R T 4 gl
o1 23] A4Te] A i (global) O ol B ABARENe] S ol
TefatA| oHeths AlolthEE wol uhet ofu Ry
AR S Qdeh). TR0, AIE F4%t AlZeh Wi Aol ATAelA] A
ARl sfjAoll A=A Ews FA XRtth= Folth 7FY Radean (2023)2 B+t
/\]-QXP_Q.EJ_]-A 74]/\]— OJE'/]E 7-1E3 Z‘,&@Eh_]— /\]ﬂlr_Lﬂ— /U-X]-_/\O‘:ﬂl o3
(box-whiskers plot) A# AlZ43}sh= ek AASHA. 22y shte] 2wtz
AAE Bt deAgay) gntez ARk %}iﬂﬂiﬁ’}ﬂl Wt o]2A d&5=
o om AxsH=A] Aelr] ojsith. e L RS Ak @ A%
shstelele o] 2710l B8-S Al tha Eﬁ}u}.

s
T
T
>,

o

2

X

rg

N

o

B

i

X

oy

T

)

s

N

A

g

30

rir

i

2) dA 2%

A A 1] AR W A AN e <1 ioo) 2k

<E 4> BZ 45xBay

X, =1 versus X, =0

Est. SE P
AIE

0.064 0.026 5.8"

Note: Delta-method standard errors.
**pH < 0.01.
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Est.i= 7ol Ars=tg a7} 82/1(16*)/8)(;18 g RE B=A| dis) Akt
3§ 9o EEBFolw, SEL 1 BEeXjelth EE U B wAHENE 3
%
6

r>~

2zl BAROE ROl 03 thES 2 s}sﬁu}

2 Radean (202901 AR YA 1 Aol 71
FEETRE Uehi, $99] TIET e 95% Al=iTre] sk
ST o714 o] A1SAT0] 02 A G51e] 95% HsiEal 54
o= fofahA HEAGEIL EARI BE 4 ek

_4

_|>4 mlo 2

0 0l 02 03 04 05 06 07 08 09 1 11 .12

Interaction effects

<% 6> WA MNSEESI 95% AME|FZE

1) 443} A A

e 2 231 Q;qgoﬂoﬂ/\{ 3] AMEE= A Q] @ =H|(odds ratio)E A
Hath RHARYRR: ) .20 = 54 SHEE A a3 37|24 84
g 3, FEH0| FHA| R H(marginal distribution)ol] T3l FAsIcH= A 52

= 27] wel(Karlson & Jann 2023), 44 285= A7 W 53] 7]
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rlr
1z

LA Yo R oA gk aie] Fagel] tiet 9] 4L Hol, 4s
Z-a3to] A E 2 &H| S B AsAEgIE =35 4~ Q)
WA A (2)9] $HIE ofeet Zo] AFslste] AuwEy, b, A(Y) A7

ofya} log (A(Y")/[1—A(Y)]), & 271 2 Z(log odds)©] AE 2830} A&
oF

mlo
3 %

AY)=————
1+exp(— Y)
A(Y) )
log|—————-| =06, +b;X; + b, X, +b,,X; X
g(l—A(Y) 0 T 01 &) T 0349 T 0194, Xy
b 27 e 25 Qe IR ARSITH, vubR] A oA Y HAE &
FoM = doagde Ao ad AR A = vk HIE OBl $8

9 exp(by,) & AXISte] 23 Ale] Ay 20 92 Fi 024
2 Aeeaile sjast = Qe 718 X o] 3 T Z7K+1)3la, X, 0
oA 12 Walsh= o3t AT AGANE exH|2 A3 ALl W, exp(by,)
L olef 1 9 =H]9] H(ratio of odds ratios)ol] 7}7kE j4e A k.

o ol Th 21 ez Azl B ohe Ameks e golh

AY X, +1,X,=1)
g(1—/1(Y*|X1+ 1,X, = 1)]
A(Y'|X,X,=0)
g( 1= AV 1%, X, = o>)
exp(by,) = . .
AY X, +1,X,=0) AY X, X, =1)
g(l—A(Y*|X1+1,X2:0)) g(l—A(Y*IXl,Xzzl))
A(Y' X, X, =0) ' A(Y' X, X, =0)
(1—A<Y*|X1,X2:0>j g(l_A(Y*|X1’X2:0))

AY X, +1,X,=1)
g ;
1-A(Y X, +1,X =1)
AY' X, +1,X,=0) AY'1X,X,=1)
0g p - log ;
1-A(Y1X,+1,X,=0) 1-A(Y X, X, =1)
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olo] whe} P AFAEL exp(by,) & FTAEAIO L2HR FAlst= A
L o] AURA defisle® #g Z& HilsletiKaraca-Mandic, Norton, &
Dowd 2012). Q3}o| H]gthA AMs2k83ko] @ =H| djj4lo] 7ittEa A o7
olaf|5l7] ojz]& AL ARMo|th ok (1) 211 Q28 AT A AT 4G
aakEa] fAstAL, (2) explby,) & ATAEAT] S =H|Z FjAsk= Zoll=
Gotrom ol Bo| glonm, o B uehy 8| of WAL A8
T Utk

g wop 2ol ke 2ol 23 mEe] HAARE o2t gl ez /)
= =97} AA|E It Karlson & Jann 2023).

0w
o
il
:?L
1%
ik
Sy
s
v
[

r}r

Ex|P(Y, =1X=1z)]
(I—EX[P(YI =1lX=2z)] )
Ex[P<Y0 = l’X:x”
(l—EX[P(YO =1X=2z)] )

MOR =

g o] g Qe ozl shael wls) @ 7 ARES 2tk
# Donald Rubino] AAIS}st ZFAA Ax; 328 A (potential outcome frame-
work)oll e}, Y3 Y= 42 ARl Aot sAEER] Aol dHi-ssh,
P(Y, =1)8k P(¥, =1)& 5l o]S0] A2lS were u A B §hg 8-S

(e

SE=
oujgitt. o=, o529 dAFollA A== A QEH]L Ack-Bat =4
(population-average estimates)21d], o]= Jutz ] © ZH|9}= glojE] Qe
ozl FRE Xoll disll Y 3 ¥, 9] 7ozt Ex[P(- )] & /\}%6}04 (Aol dlo]

Elo|A] #zhel) o] A A (heterogeneity)S H+SKaverage-out)d}t7] wjo]ck
Karlson & Jann (2023)& EA4 54 9j7|*]¢Q] Stataof| A AFESH 4= U= H o]
InmorE F/SFLOIR, APAEL o)A B4 A ezulE 2% 4 glek
71 ofefel 2o <13 7>S B X, 7 242} 091 A9k 191 A9l g3t 3
Q=uE A|Z3lEE & Q) 34 e=u|o] 2T A7 A u oA

oA MRt Fe] ALY welol She A8 BEolt
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Xr=1 I I
3 4 .5 .6 i .8
Marginal odds ratio
<3dZ 7> otA| @=H| FHEXILl 95% Al=Z|F7H
V. 28

o] ATE BAY/ZEY 5 ulY ARG HEAGANE AN Uel7h
A BFRYY 2EA0R TES SIS, SHIE AEAGANY ARES §

1

2ol ek Aolg 5 AL MolaL, tikek Al edN Aegael §7 9
A 2718 t=2A dehds A2aHgae] oldds AR Elskit

o] A7) WHHS) ANHL Tkt Pk A, WAE HARBON ABE
BI1E AT O, ARegoll FHHE Tasi AERET] A 2
o ) s Etet BAASHE A97h e E3h, A shgo Rt A
o Aol WAl & 4 Q7] etk 53 AdTagde] EAHA dAY 5

Axew fofsa e 9ol Asaeanzt verd 4

2, olo] uet T4l 714 ookl % DS F3el olafel, AT =0
o] M15] Gaafor k. o] ATl FHE BE AR} A= FAE]
CHhttps://github.com/hxk271/nl_inteff).

o Ee B4 B G AR onz ol 4 ShiTE 2201 o

Hof 2y giA2 AlejetEr) HAdY SFIEgolA deAganE £4E o,

l-011

x%

$o AR
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o] AL R oliy Fhso] 2YE WRACL, o4 BT FEAE
g GE} S EAlE BE 70 vy mygor dukslE 4= Q) AlS|E A

T E F5 AT £4F(ordered) T+ TF3Kmultinomial) 2 A/ Z2H]
Ch=R & (multilevel models), YWS} 2 W14 A)(generalized estimating equations),
TZ WHAAl W (structural equations models) 5 X Q| LR E WEsIal, H|AH
LHolgh RHteA] A% EFoA ] A8y siMi= 2 Adsliof gtk

ot Flze] BARA ARESolsl AgA TkE A o nge] i =
ol teliM= ol& &g, BAdAEHES ALFSkL AlAst 715 7HA] A hsh=Al=
W) el o1 A% A7 A3 AN 95 1Y SIS 3
Abellol sh= Fgo] Fu=A HER, ASERYS ARl didtez st
4 olnk

o] Aol AT} w2l olele] Frhxel MY mol T 4 A
I AlZehs B o] Eeilenw, oo sl e A s vkt
b <} wasich vialeds Held sellglae) Sk gl )
B0l Arelapete] =AE AL Q= ARolA, =2 4 715 d(interpretability) & 2}
HEAE Hoe EREANE ol 4 Ji WHE AT o] SR
A7 B Aotk

Fll‘

=125

O

Ai, Chunrong and Edward Norton. 2003. “Interaction Terms in Logit and Probit Models.”
Economics Letters 80(1): 123-129.

Athey, Susan and Guido Imbens. 2006. “Identification and Inference in Nonlinear
Difference-in-differences Models.” Econometrica 74: 431-497.

Berry, William D., Jacqueline H.R. DeMeritt, and Justin Esarey. 2010. “Testing for

Interaction in Binary Logit and Probit Models: Is a Product Term Essential?”



A E

rlr
1z

2yl S7ARGels AEAGET] Gush BE 171

American Journal of Political Science 54(1): 248-266.

Breen, Richard, Kristian Bernt Karlson, and Anders Holm. 2018. “Interpreting and
Understanding Logits, Probits, and Other Nonlinear Probability Models.” Annual
Review of Sociology 44: 39-54.

Cramer, J.S. 2007. “Robustness of Logit Analysis: Unobserved Heterogeneity and Mis-
specified Disturbances.” Oxford Bulletin of Economics and Statistics 69(4): 545-
555.

Greene, William. 2010. “Testing Hypotheses about Interaction Terms in Nonlinear
Models.” Economics Letters 107(2): 291-296.

Karlson, Kristian Bernt, and Benn Jann. 2023. “Marginal Odds Ratios: What They Are,
How to Compute Them, and Why Sociologists Might Want to Use Them.”
Sociological Science 10: 332-347.

Long, J. Scott. 1997. Regression Models for Categorical Dependent Variables. Thousand
Oaks, CA: Sage.

Mood, Carina. 2010. “Logistic Regression: Why We Cannot Do What We Think We Can
Do, and What We Can Do about It.” European Sociological Review 26(1): 67-
82.

Norton, Edward C., Hua Wang, and Chunrong Ai. 2004. “Computing Interaction Effects
and Standard Errors in Logit and Probit Models.” Stata Journal 4(2): 154-167.

Puhani, Patrick A. 2012. “The Treatment Effect, the Cross Difference, and the Interaction
Term in Nonlinear ‘Difference-in-differences’ Models.” Economics Letters 115:
85-87.

Radean, Marius. 2023. “Ginteff: A Generalized Command for Computing Interaction
Effects.” Stata Journal 23(2): 301-335.

Schenker, Nathaniel and Jane F Gentleman. 2001. “On Judging the Significance of
Differences by Examining the Overlap between Confidence Intervals.” American
Statistician 55(3): 182-186.

Uberti, Luca J. 2022. “Interpreting logit models.” Stata Journal 22(1): 60-76.

<F4 2025.10.14; =% 2025.11.09; A|A2Hd 2025.11.24>



172 TZARITL; 267 435(20254)

On Derivations and Probability Interpretations of Interaction
Effects in Logit and Probit Regression Models

Hyun Woo Kim
(Chungbuk National University)

This article presents proper derivation and interpretation methods for interaction effects
as marginal effects in nonlinear models including logit and probit regression models.
Unlike linear models, interaction terms in nonlinear models do not directly correspond to
interaction effects, and the magnitude and direction of interaction marginal effects can vary
depending on the specific values of covariates. I demonstrate that interaction marginal
effects in nonlinear models should be computed as cross-partial derivatives, consisting not
only of interaction terms but also main term coefficients and derivatives of probability
density functions. Simulation results under various scenarios reveal that substantial
proportions of regions show interaction term coefficients show opposite signs to actual
interaction marginal effects, and such marginal effects can emerge even when interaction
terms are not statistically significant. To address these issues, five practical alternatives
were proposed to be considered. This research contributes to improving the accuracy of
interaction effect interpretation in social science research using nonlinear models, providing
important methodological implications for the broader sociological research community.

Key words: logit, probit, nonlinear models, interaction effect, interaction term, marginal
effect, categorical data analysis



